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By a detailed study of the mathematical structure of the cumulant generating function (CGF)
of particle transfer in the non-interacting case we show that it satisfies duality relations connecting
the CGFs of two different realizations of the same system. Employing these identities we derive
an infinite number of relations between different cumulants, which amounts to a generalization
of the fluctuation-dissipation theorem to non-equilibrium situations. We generalize the concept to
multi-terminal set-ups and show that duality relations also exist for genuinely interacting systems by
explicitly deriving one of them for the two-terminal anisotropic Kondo impurity model and discussing
other important examples. The discovered identities are useful tools in the ongoing investigation of
the analytical properties of the cumulant generating functions of charge transport.
PACS numbers:
The exhaustive knowledge of the charge transfer prop-
erties of nanostructures is of paramount importance for
their future applications. Not only such traditional quan-
tities as non-linear current-voltage relations but also the
current autocorrelations and noise spectra are required
to ensure optimal operation of the devices in question.
It turns out that current correlations of higher orders
also carry important information and thus should also
be considered [1]. A very useful quantity encoding all
these higher order correlation functions is the probabil-
ity P (Q) of transferring Q particles through the device
during the very long waiting time T [2, 3], also known
as full counting statistics (FCS). Its cumulant generating
function (CGF)
lnχ(λ) = ln
N∑
Q=0
P (Q)eiλQ , (1)
is more convenient to work with. Here λ is the counting
field and N is the maximally possible number of parti-
cles transferred through the system [13]. The irreducible
moments (cumulants) 〈Qn〉 of the order n of this distri-
bution function are obtained by a successive derivation
with respect to counting field and by setting it to zero
afterwards,
〈Qn〉 = (−i)n∂λ lnχ(λ)|λ→0 . (2)
CGF is not a mere mathematical construction. Among
other things it satisfies the fundamental Cohen-
Gallavotti fluctuation theorem (CGFT) [4, 5], which en-
ables to derive infinitely many relations between differ-
ent cumulants of charge transport. The simplest of them
is the celebrated Johnson-Nyquist relation between the
first and the second cumulant. In this way CGFT of-
fers a generalization of fluctuation-dissipation theorem
to genuinely non-equilibrium situations.
In view of the above it is very interesting to find out
whether there are any additional relations. The goal of
this Letter is to investigate this issue. By analyzing the
transport of non-interacting particles first we derive a
duality relation connecting the CGFs of two different re-
alizations of the same system. We show that such iden-
tities also exist for genuinely interacting systems even in
situations, when transport occurs by different kinds of
quasiparticles. Moreover, we demonstrate how the dual-
ity relations can be used in order to access the transport
properties of the systems in question and show avenues
for further research.
We start by considering a generic setup of an electronic
device coupled to two metallic electrodes kept at chemi-
cal potentials ±eV/2, where V is the voltage applied to
the device. First we consider non-interacting set-ups, in
which the device is characterized by an energy depen-
dent transmission coefficient D(ω) for single particles. It
is well known that then the CGF is given by [2]
lnχ[λ, v,D(ω)] = G0T
∫
dω ln
{
1 +D(ω)
[
nL(1− nR)(e
iλ − 1) + nR(1 − nL)(e
−iλ − 1)
]}
, (3)
where nL/R = 1/[e
(ω∓V/2)/T + 1] are the Fermi dis- tribution functions for the electrons in the left/right
2(L/R) electrode, T is the temperature in the system and
G0 = e
2/h is the conductance quantum (here we neglect
the spin degree of freedom and set e = ~ = kB = 1 from
now on). The above equation can be rewritten as [6]:
lnχ[λ, v,D(ω)] = G0T
∫
dω
× ln
[
1 +D(ω)
cosh(v + iλ)− cosh v
cosh(ω/T ) + cosh v
]
, (4)
where v = V/2T . CGF in this form is particularly use-
ful as it e. g. helps to immediately recognize different
symmetries. For instance, CGF is invariant under simul-
taneous change of sign in front of the voltage and of the
counting field λ. The latter modification is essential as it
changes the direction of particle counting, which is obvi-
ously necessary if one changes the direction of the applied
voltage.
Far less obvious is the CGFT, which is the symmetry
under the transformation
λ→ −λ+ i2v , (5)
which also leaves the CGF unchanged. This property
is easily traced back to the evenness of the hyperbolic
cosine. One might now ask the question whether there
are more transformations of this kind. Indeed, let us
consider a similar change in the voltage
v → −v − iλ . (6)
Then we obtain
lnχ[λ,−v − iλ,D(ω)] = − lnχ[λ, v, 1]
+ G0T
∫
dω ln
[
1 + [1−D(ω)]
cosh(v + iλ)− cosh v
cosh(ω/T ) + cosh v
]
,
where
lnχ[λ, v, 1] = G0T
∫
dω ln
[
cosh(ω/T ) + cosh(v + iλ)
cosh(ω/T ) + cosh v
]
= G0T T (iλ2v − λ
2) (7)
is the CGF of a perfectly transmitting channel [2, 7].
Therefore we obtain the following CGF duality relation:
lnχ[λ, v,D(ω)] = lnχ[λ, v, 1]
+ lnχ[λ,−v − iλ, 1−D(ω)] . (8)
The physical content of this relation at least on the level
of currents is quite lucid. While the lhs describes the
particle transport with a certain transmission probabil-
ity D(ω), the second term on the rhs is responsible for
the backscattering of these particles, the respective prob-
ability being 1−D(ω). The sum of the transmitted and
reflected particle streams should then be equal to the
incoming stream, which is obviously described by the
term lnχ[λ, v, 1]. The second term on the rhs counts
the backscattering events, that is why it is natural that
the voltage sign is changed. This circumstance can be
quantified by an explicit computation of the first cumu-
lant:
〈Q(v,D)〉 = G0T V + 〈Q(−v, 1−D)〉
= G0T V − 〈QBS(v,D)〉 , (9)
where 〈Q〉 and 〈QBS〉 are the averages for the transmit-
ted and backscattered charges.
On the contrary, the shift of the voltage by the count-
ing field is non-trivial [see the last term in Eq. (8)] and
starts playing an important role in the cumulants of
higher order. For instance, for the second cumulant we
obtain the following relation:
〈Q2(v,D)〉 = 2G0T T + 〈Q
2(−v, 1−D)〉
+ 2∂v〈Q(−v, 1−D)〉 , (10)
which relates the non-linear differential conductance in
the backscattering channel, given by the very last term,
to the second cumulants, or the noise. While the conven-
tional fluctuation-dissipation relation connects the linear
conductance to equilibrium fluctuation spectrum, our re-
sult holds for non-linear quantities. From the third cu-
mulant onwards the perfect transmission term lnχ[λ, v, 1]
does not contribute any more and one finds the following
universal interrelation between the cumulants of different
higher orders:
〈Qn(v,D)〉 =
n−1∑
k=0
(
n
k
)
∂(k)v 〈Q
n−k(−v, 1−D)〉 (11)
We note in passing that the upper limit of the sum is
essential. The identity (11) is one of our central results,
from which a whole hierarchy of relations between differ-
ent transport characteristics emerges. Thus its predictive
power is comparable to that of the CGFT.
The existence of similar duality relations for interact-
ing systems is not obvious. In the following we demon-
strate that they are indeed possible. We exemplarily con-
sider the transport through a single-channel two-terminal
Kondo impurity, for which an explicit and quite compact
formula for the CGF exists in the Toulouse limit [7]. Here
3lnχ[λ, v, T2, T1] = G0T
∞∫
0
dω ln
{
1 + T2(ω)
[
nL(1 − nR)(e
2iλ − 1) + nR(1 − nL)(e
−2iλ − 1)
]
(12)
+ T1(ω)
[
[nF (1− nR) + nL(1− nF )](e
iλ − 1) + [nF (1− nL) + nR(1− nF )](e
−iλ − 1)
]}
,
where T1,2 are effective transmission coefficients for single particles and particle pairs, which depend on the parameters
of the model, and nF = 1/(e
ω/T +1) is the plain Fermi distribution function. First it is desirable to recast this result
into the form similar to Eq. (4):
lnχ[λ, v, T2, T1] = G0T
∞∫
0
dω ln
{
1 + T2(ω)
cosh(v + i2λ)− cosh v
cosh(ω/T ) + cosh v
+ 2T1(ω)
cosh(v + iλ) + cosh(iλ)− cosh v − 1
cosh(ω/T ) + cosh v
}
.
Despite the presence of two different channels one immediately verifies that the CG symmetry (5) is perfectly satisfied.
In the next step we perform a transformation
v → −v − i2λ (13)
inspired by Eq. (6). It results in
lnχ[λ,−v − i2λ, T2, T1] = − lnχ[λ, v, 1] +G0T
×
∞∫
0
dω ln
{
1 + [1 − T2(ω)− 2T1(ω)]
cosh(v + i2λ)− cosh v
cosh(ω/T ) + cosh v
+ 2T1(ω)
cosh(v + iλ) + cosh(iλ)− cosh v − 1
cosh(ω/T ) + cosh v
}
.
and leads to the following duality relation:
lnχ[λ, v, T2, T1] = lnχ[2λ, v, 1]
+ lnχ[λ,−v − i2λ, 1− T2 − 2T1, T1] . (14)
Needless to say, also here the relations (9)-(11) still apply.
A completely different transport problem for interact-
ing systems is that of tunnelling between two Luttinger
liquids (e. g. between two counterpropagating edge states
in the fractional quantum Hall device) via a resonant level
[8]. Contrary to the Kondo set-up, in which the interac-
tion is localized on the impurity here the electrons are
interacting in the bulk of the electrodes. For interacting
strength g = 1/2 (or filling fraction ν = 1/2) there is a
simple analytical solution for the CGF in a closed form,
which is given by an equation similar to Eq. (12) [14]
[9–11]. Interestingly, the corresponding duality relation
(14) connects the seemingly different results reported in
Refs. [10, 11] and was indirectly derived by other means
in [7]. We would also like to mention that a different
kind of duality has been pointed out in [9]. It connects
the CGFs for forward- and backscattered particles, but
at strictly zero temperature.
Yet another interacting system in which a duality rela-
tion exists is a normal metal-superconductor tunnelling
contact. Its CGF was computed in [12]. It is easiest to
see for the case of energies below the gap, when Andreev
reflections dominate the transport. Then the transfor-
mation (13) generates the corresponding relation. The
doubled counting field is important here as it reflects the
effective charge of current carrying quasiparticles.
It is not difficult to generalize the above concept to
set-ups with N different terminals. For the CGF there is
a very useful result [3]
lnχ(λ, µ, s) = G0T
∫
dωTr ln
[
1 + f(s†s˜− 1)
]
= G0T
∫
dω ln det
[
1 + f(s†s˜− 1)
]
, (15)
where λ = (λ1, . . . , λN ) and µ = (µ1, . . . , µN ) are the
sets of counting fields and chemical potentials in the
respective terminals, f = diag(n1, . . . , nN) is a diag-
onal matrix of Fermi distribution functions, s is the
(energy-dependent) scattering matrix of the system, and
s˜ij = sije
i(λi−λj). Let us now assume that there is a re-
alization of the same system with a different scattering
matrix s0. Then we can rewrite the above determinant
as
det
[
1 + f(s†s˜− 1)
]
= det
[
1 + f(s†0s˜0 − 1)
]
×det [1 + g (B− 1)] , (16)
where g = [1+ f(s†0s˜0− 1)]
−1fs†0s˜0 and B = (s
†
0s˜0)
−1s†s˜.
The above relation leads to a factorization of the charge
transfer distribution function and a separation of the
CGF into two parts:
lnχ(λ, f , s†s˜) = lnχ(λ, f , s†0s˜0) + lnχ(λ,g,B) . (17)
4Such kind of CGF separation is obviously always possible.
A duality is more restrictive and emerges from (17) when
two conditions are met: (i) g can be obtained from f by
a λ-dependent shift of chemical potentials [15] ; (ii) for B
there is a factorization B = s†1s˜1 with some meaningful
s1.
For instance, forN = 2 and s0 describing perfect trans-
mission one finds for λ1 = −λ2 = λ/2, µ1 = −µ2 = V/2,
that g(v) = f(−v − iλ) just as proposed in Eq. (6). B is
equivalent to s†1s˜1, where s1 is obtained from s by inter-
changing the reflection and transmission amplitudes. In
total one then recovers the result (8). The multi-terminal
duality is not restricted to systems with two terminals
only. It was shown in [7], that the result (12) can be
obtained by recasting the transport problem into a four-
terminal geometry and subsequently using the formula
(15).
It is interesting to discuss the implications of duality
relations to the analytical properties of the CGF. At zero
temperature and in the case of structureless transmission
D(ω) = D of non-interacting particles the CGF is given
by
lnχ[λ, V,D] = G0T V ln
[
1 +D(eiλ − 1)
]
. (18)
For D < 1/2 this function can be expanded with respect
to the small parameter Deiλ/(1−D) and is thus a peri-
odic function of λ with period 2pi. For 1/2 < D < 1 the
singularity of the log can be reached in (18) leading to a
discontinuity of the imaginary part at λ of multiples of
pi. A proper analytical continuation is done via another
expansion after rewriting the CGF as
lnχ[λ, V,D] = iλG0T V
+ G0T V
[
lnD + ln
(
1 +
1−D
D
e−iλ
)]
, (19)
and expanding in terms of (1 − D)e−iλ/D. Obviously,
the latter function is not periodic but has a linear in λ
contribution. So the duality relation (19) accomplishes
the analytical continuation of the CGF into the other
transmission regime.
We have shown that the cumulant generating function
of charge transfer satisfies duality relations connecting
the full counting statistics of two different realizations
of the same system. These duality relations turn out
to be useful in deriving additional identities for differ-
ent cumulants of particle transfer statistics thereby gen-
eralizing and extending the fluctuation-dissipation rela-
tions to non-equilibrium systems. These relations turn
out not only to hold for non-interacting particles but
also for transport through Kondo impurities, supercon-
ducting contacts and tunnelling between interacting one-
dimensional systems. Importantly, the concept we put
forward can be generalized also to multi-terminal set-ups
with such interesting implications as factorization of the
distribution functions and separability of the cumulant
generating functions. It would be very interesting to in-
vestigate the issue of existence of such duality relations
at finite temperature in systems for which no analytical
expressions in closed form exist. Furthermore, an anal-
ysis of spin-resolved dualities also appears to be a valid
avenue for further research.
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